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Abstract. A linear map ip : A B between (Banach) algebras is called 3-liomoniorphism 
if ip{abc) — ip{a)^p{b)ip{c) for each a,b,c A. We investigate 3-honiomorphisms on Banach 
algebras with bounded approximate identities and establish in two ways that every involution 
preserving homomorphism between C*-algebras is norm decreasing. 



1. Introduction. 

In [3] the notion of 3-homomorphism between (Banach) algebras was introduced and 
some of their significant properties were investigated. A hnear mapping (p : A ^ B between 
(Banach) algebras is called 3-homomorphism if ip{abc) = (f{a)(f{b)(f{c) for each a,b,c & A. 
Obviously, each homomorphism is a 3-homomorphism. One can verify that if A is unital 
and if is a. 3-homomorphism then tp{a) = (p{l)(p{a) is a homomorphism. 

There might exist 3-homomorphisms that are not homomorphisms. For instance, if 
ip : A B is a homomorphism, then ip := —ip is a 3-homomorphism which is not a homomor- 
phism. As another example, assume that A and B are Banach algebras such that A^ = {0} 
and B^ = {0}. Then each linear mapping between A and B is trivially a 3-homomorphism. 
One can find some non-trivial examples in [3]. 

In this paper, we investigate 3-homomorphisms on Banach algebras with bounded approx- 
imate identities and establish in two ways that every involution preserving homomorphism 
between C*-algebras is norm decreasing. 

Throughout the paper, we denote by T* the dual of a linear mapping T and by A* the 
dual of a Banach algebra A. We also denote the involution on a C*-algebra by 7^. 
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2. 3-HoMOMORPHiSMS ON C*-Algebras 



Suppose that is a non-zero 3-homomorphism from a unital algebra A to C Then 
(p{l) = 1 or —1. Hence either ip or —ip is a character on A. If ^ is a Banach algebra, 
then if is automatically continuous ([H Theorem 2.1.29]). It may happen, however, that a 
3-homomorphism is not continuous. For instance, let A be the algebra of all 3 x 3 matrices 
having on and below the diagonal and B be the algebra of all ^-valued continuous functions 
from [0, 1] into A with sup norm. Then B is an infinite dimensional Banach algebra in which 
the product of any three elements is 0. Since B is infinite dimensional there are linear 
discontinuous maps and so discontinuous 3-homomorphisms from B into itself. 

Using extreme points of the closed unit ball of a l^*-algebra A authors of [3] showed 
that if ;B is a C*-algebra and ip : A —>■ B is a weakly-norm continuous involution pre- 
serving 3-homomorphism, then \\ip\\ < 1. Then they asked whether every preserving in- 
volution 3-homomorphism between C*-algebras is continuous. We shall establish this by 
applying the strategy used by L. Harris in [21 Proposition 3.4] where it is shown that each 
J*-homomorphism between J*-algebras is norm decreasing. 

Theorem 2.1. Let ip : A ^ B he an involution preserving 3-homomorphism between unital 
C* -algebras. Then \\ip\\ < 1. 

Proof. Let a & A, let X > and let A ^ ij{a'^a). Then Al^ — a*a has an inverse h. Then we 
have the following sequence of deductions: 

a6(Al^ — a*a) = a 
{\b — ba^ a)a{\b — ba^a) = a 
(p{Xb — ba*a)(p{a)[X(p{b) — (p{b)(p{a'^)(p{a)) = (p{a) 
ip{a*) {(p{\b - ba*a)ip{a)(p{b)) (Alg - (p{a*)ip{a)) = ip{a*)ip{a) 
ip{a*)ip{ab){\lB - (p{a*)ip{a)) = ip{a*)ip{a) 
Mb - ip{a*)ip{ab){\lt3 - ip{a*)ip{a)) = Alg - yD{a*)<p{a) 
le = j{^B + 'p{a*)<p{ab)){XlB - 'p{a*)<p{a)) 

Since Alg — ip{a*)ip{a) is self-adjoint, it follows that Alg — ip{a)'^ip{a) is invertible and so 
A ^ cr((/9(a)*v9(a)) . Hence 

a{ip{a)*^{a)) C a{a*a) U {0}. 
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Since the norm of a normal element c of a C*-algebra is equal to its spectral radius r(c) (see 
[H Theorem 3.2.3]), we have 

y{a)f = y{a*a)\\ = r{ip{a)*ip{a)) < r{a*a) = \\a*a\\ = \\af. 

So (f is norm decreasing. □ 

3. 3-HOMOMORPHISMS FROM ALGEBRAS WITH BOUNDED APPROXIMATE IDENTITY 

Let ^ be a Banach algebra. Let a & A and ^ G ^* be arbitrary, then a.^ G A* and 
^.a G A* are defined by {a.C,,x) = {^,xa),x G A and {C,.a,x) = {C,,ax),x G A. 
For ^ e A* and F G A**, functional F.^ G A* and ^.F G A* are given by {F.^,x) = 
{F,C,.x),x G A and (^.F, x) = {F,x.^),x G A. Recall that the first Arens product of 
F,G e A** is F <G e A**, where 

{F<G,0 = {F,G.O i^eA*). 

Similarly, the second Arens product of F, G G A** is F > G G A**, where 

{Ft>G,0 = {G,^.F) i^eA*). 

It is well known that {A**,<) and {A**,>) are Banach algebras and that ^ is a closed 
subalgebra of each of them. The algebra A is Arens regular if the products < and > coincide 
on A**. 

A left approximate identity for ^ is a net (cq) C A such that limaCaa = a, for each 
a E A. If there exists m > such that sup^, ||eQ,|| < m, the left approximate identity (cq,) 
is said to be bounded by m. The definitions of a right approximate identity and a bounded 
right approximate identity are similar. Recall from [U Proposition 2.9.16] that A has a left 
approximate identity bounded by m if and only if (^**, >) has a left identity of norm at most 
m. Similarly, A has a right approximate identity bounded by m if and only if {A**, <) has a 
right identity of norm at most m. 

Lemma 3.1. Let A and B he Banach algebras and (f : A B be a 3-homomorphism. Then, 
for arbitrary a,b E A, C, E B* , and F,G E A** , the following hold: 

(t) ip*{ip{a)ip{h).i) = ab.y,*{0; 

(ii) ^*{i.^{a)^{h)) = ^*{0.ah- 

(ill) ^*{^{a).i.^**{F)) = a.^*{0-F\ 

(iv) ^*{^**{F).i.^{a)) = F.^*i0.a; 
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(v) ^*{Cv**iF)>^**iG))=ip*{O.F>G; 

(vi) ^*{^**{F) < ^**{G).0 = F < G.^*{0- 

Proof, (i) Let a,b e A, and ^ e B* be arbitrary. Then, for each x E A, 

{ip*{ip{a)ip{b).^),x) = {f{a)f{b).^,f{x)) 

= (C, (p{xab)) 
= {ab.ip*{0,x). 

(hi) Let a e A, C e B*, and F e A** be arbitrary. Then, for each x e A, 

{^*{^{a).^.^**{F)),x) = {v{a).^.^**iF),^{x)) 

= {ip**{F),ip{xMa).0 

= {F,<p*{cp{xMa).0) 

= {F,xa.^*iO) 

= (a.(^*(O.F,a:). 

(v) Let i e B*, and F,G e A** be arbitrary. Then, for each x e A, 

{ip*{^.^**{F)>^**{G)),x) = {{^.^**{F)t>v**{G)),^{x)) 

= {cp**{G),<p{xU.<p**{F)) 

= (G,x.v9*(0.F) 
= ((^*(e).F>G,x). 

The proofs of (ii), (iv), and (vi) are similar. □ 



Proposition 3.2. Let A and B be Banach algebras. If ip : A ^ B is a 3-homomorphism, 
then ifi** is a 3-homomorphism from {A**,<) to {B**,<) and from {A**,>) to {B**,>). 



AUTOMATIC CONTINUITY OF 3-HOMOMORPHISMS 5 

Proof. Let F,G,H e A** be arbitrary. Then, for each ^ e B*, 
(^**(F<G<i7),0 = {F<G<H,ip*iO) 

= (^"(F),^**(G)<(^**(/7).0) 
= {if**iF)<if**iG),if**iH).0 
= {if**iF)<cp**{G)<cf**iH),0, 

where the second equahty holds by Lemma 5.1 (vi). 

The proof of the second assertion is similar. □ 

Theorem 3.3. Let A and B he Banach algebras and ip : A —>■ B be a 3-homomorphism. If 
A has a bounded left approximate identity, then 

ij{F) ■.= ^**{L)>yD**{F) (FeA**) 
defines a homomorphism from {A**, >) to {B**,>), where L is a left identity in A** . Moreover, 

ip{a) = ip**{L)t>ip{a) {aeA). 
Similarly, if A has a bounded right approximate identity, then 

ij{F) := ^**{F)<^**{R) (FeA**) 

defines a homomorphism from {A**,<) to {B**,<), where R is a left identity in A**. More- 
over, 

ip{a) = ipia) <ip**{R) (aeA). 

Proof. We shall prove only the first part of the theorem. Since if is a 3-homomorphism 
the mapping ip** is a 3-homomorphism from (^**,>) to {B**,>), by Proposition 13. 2[ By [H 
Proposition 2.9.16], there exists a left identity L in {A**,>). Thus 

i;{F) := ip**{L)>ip**{F) (FeA**) 

defines a homomorphism from {A**,t>) to {B**,(>) and 

ip**{F) =ifi**{L)>i;{F) (FeA**). 
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Since the restriction of ip** to A is we have 

Lp{a) = if** {L) i> i){a) {aeA). 

□ 

We now give another proof of Theorem 12.11 

Corollary 3.4. Suppose that A and B are C* -algebras. Then each involution preserving 
3-homomorphism (f : A ^ B is bounded with norm < 1. 

Proof. Each C*-algebra has approximate identity of bound 1 (cf. [H Theorem 3.2.21]). By 
[H, Corollary 3.2.37], A and B are Arens regular and A** and B** are von Neumann algebras 
equipped with the involution that are defined in the following way (see [H Page 349]). A 
linear involution on A* is defined by 

(e*,a) = (e:^ {aeA,^eA*), 
and an involution on A** is given by 

{F*,0=Jf;¥) {FeA*\^eA*). 

The involution on B** is defined similarly. The algebra A** is unital, with identity E of 
norm \\E\\ = 1. 

It is easy to check that (f** is an involution preserving 3-homomorphism. Namely, for each 
a & A and each ^ G S*, we have 

a) = (e,^(a)#) = (^,^(a#)) = (^*(0*, a). 

It follows, for each F G A** and each ^ e B*, that 

{^**iF*),0 = {F,^*iO*) = {F,^*m) = {^**iF)*, 0- 

Since 

ip**{E)ip**{F) = ip**{E)ip**{FE'^) 

= ip**{E)ip**{F)<f**{Ef 
= ip**{EFE)ip**{E) 
= ip**{F)ip**{E), 
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for each F e A**, we conclude that iJ^F) = (f**{E)(p**{F) {F G A**) defines an involution 
preserving homomorphism. Indeed, for each F G A**, we have 

= ip**{E)ip**{F*) = {if**{F)ip**{E)*)* = ^{Ff. 

By [H Corollary 3.2.4], each involution preserving homomorphism between C*-algebras is 
norm-decreasing. Thus 

\\^**{F)\\ = y**{E)ij{F)\\ < y**{E)\\\\F\\ (F G A**). 

Since 

ij{E) = if**{Ef = if**{E)*if**{E) 

we have 

i>mm = y**{E)*y.**{E)\\ = y**{E)r, 

which gives < 1. Thus, 

y**{F)\\ < < [F G A**) 

□ 
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